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LOCAL AND GLOBAL HOMOGENEITY FOR MANIFOLDS THAT ADMIT A
POSITIVE CURVATURE METRIC
JOSEPH A. WOLF
Abstract. In this note we study globally homogeneous Riemannian quotients Γ\(M, ds2) of homogeneous
Riemannian manifolds (M,ds2). The Homogeneity Conjecture is that Γ\(M, ds2) is (globally) homogeneous
if and only if (M, ds2) is homogeneous and every γ ∈ Γ is of constant displacement on (M, ds2). We
provide further evidence for that conjecture by (i) verifying it for normal homogeneous Riemannian manifolds
(M = G/H, ds2) that also admit a G–invariant metric of positive curvature, and (ii) showing that in most
cases the normality condition can be dropped.
1. Introduction
We say that a homogeneous space M = G/H is of positive curvature type if it admits a G–invariant
Riemannian metric of strictly positive curvature. Here we study such spaces and ask when their Riemannian
quotient manifolds Γ\(M,ds2) are globally homogeneous.
We show that a certain conjecture, concerning global homogeneity for locally homogeneous Riemannian
manifolds Γ\(M,ds2) holds in general when M = G/H is of positive curvature type and ds2 is the normal
Riemannian metric. That is Theorem 4.5. It depends on certain classifications (see Table 2.1 below) and
on earlier results [32] concerning isotropy–split fibrations. We then explore the possibility of dropping the
normality requirement. Theorem 5.4 eliminates the normality condition on the Riemannian metric for all
but three of the Riemannian manifolds of positive curvature type. That requires a modification (5.1) of the
isotropy splitting condition of [32].
We start by describing the Homogeneity Conjecture. Let (M,ds2) be a connected simply connected
Riemannian homogeneous space. Let π : M → M ′ be a Riemannian covering. In other words π : M → M ′
is a topological covering space that is a local isometry. Then the base of the covering must have form
M ′ = Γ\M where Γ is a discontinuous group of isometries of M such that only the identity element has a
fixed point. ClearlyM ′, with the induced Riemannian metric ds′2 from π :M →M ′, is locally homogeneous.
We ask when (M ′, ds′2) is globally homogeneous.
IfM ′ = Γ\M is homogeneous then [27] every element γ ∈ Γ is of constant displacement δγ(x) = dist(x, γx)
on M . For the normalizer NI(M,ds2)(Γ) of Γ in the isometry group I(M,ds
2) induces a transitive group of
isometries on (M ′, ds′2). Since Γ is discrete the identity component of that normalizer actually centralizes Γ
in I(M,ds2), and this centralizer is transitive on M . If x, y ∈M and γ ∈ Γ we write y = g(x) with g in the
centralizer of Γ. Compute δγ(y) = dist(y, γy) = dist(gx, γgx) = dist(gx, gγx) = dist(x, γx) = δγ(x). That
is the easy half of the
Homogeneity Conjecture. Let M be a connected, simply connected Riemannian homogeneous manifold
and M → Γ\M a Riemannian covering. Then Γ\M is homogeneous if and only if every γ ∈ Γ is an isometry
of constant displacement on M .
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The first case is implicit in the thesis of Georges Vincent [25, §10.5]; he noted that the linear transfor-
mations diag{R(θ), . . . , R(θ)}, R(θ) =
(
cos(θ) sin(θ)
− sin(θ) cos(θ)
)
, are of constant displacement on the sphere S2n−1. If
Γ is the cyclic group of order k, generated by diag{R(2π/k), . . . , R(2π/k)}, then it has centralizer U(n) in
SO(2n) for k > 2, all of SO(2n) for k ≦ 2, so its centralizer is transitive on S2n−1, and Γ\S2n−1 is homo-
geneous. Vincent did not consider homogeneity, but he referred to such linear transformations as Clifford
translations (“translation au sens de Clifford”) and examined space forms Γ\S2n−1 where Γ is a cyclic group
〈diag{R(2π/k), . . . , R(2π/k)}〉.
I extended this to a proof of the Homogeneity Conjecture, first for spherical space forms [28] and then for
locally symmetric Riemannian manifolds [29]. The proof in [29] used classification and case by case checking.
This was partially improved by Freudenthal [19] and Ozols ([20], [21], [22]), who gave direct proofs for the
case where Γ is contained in the identity component of I(M,ds2).
Since then a number of special cases of the Homogeneity Conjecture have been verified. The ones I know
about are the case [30] where M is of non–positive sectional curvature, extended by Druetta [18] to the case
where M has no focal points; Ca´mpoli’s work ([7], [8]) on the case where M is a Stieffel manifold and ds2
is the normal Riemannian metric; the case [17] where M admits a transitive semisimple group of isometries
that has no compact factor; the case [31] where M admits a transitive solvable group of isometries; the
case [32] where M has a fibration such as that of Stieffel manifolds over Grassmann manifolds; and the
case [33] where every element of Γ is close to the identity and M belongs to a certain class of Riemannian
normal homogeneous spaces. incidentally, the Homogeneity Conjecture is valid for locally symmetric Finsler
manifolds as well [9].
There has also been a lot of work on the infinitesimal version of constant displacement isometries. Those
are the Killing vector fields of constant length. For example see papers ([3], [4], [5]) of Berestovskii and
Nikonorov, and, in the Finsler manifold setting, of Deng and Xu ([10], [11], [12], [13], [14], [15], [16]).
In this note we verify the Homogeneity Conjecture for (i) the case where (M,ds2) is a normal homoge-
neous Riemannian manifold of positive curvature type, (ii) most cases where (M,ds2) is a homogeneous
Riemannian manifold, not necessarily normal, of positive curvature type. The three cases from which
we have not yet eliminated the normality requirement are the odd dimensional spheres M = G/H =
SU(m+ 1)/SU(m), Sp(m+ 1)/Sp(m), and SU(2)/{1} with possibly non–standard metrics. In effect, this
is a progress report.
I thank Wolfgang Ziller for referring me to his survey [34], which clarified the exposition.
2. The Classification for Positive Curvature
The connected simply connected homogeneous Riemannian manifolds of positive sectional curvature were
classified by Marcel Berger [6], Nolan Wallach [26], Simon Aloff and Nolan Wallach [1], and Lionel Be´rard-
Bergery [2]. Their isometry groups were worked out by Krishnan Shankar [23]. The spaces and the isometry
groups are listed in the first two columns of Table 2.1 below. The third column lists some fibrations that
will be relevant to our verification of the Homogeneity Conjecture for manifolds of positive curvature type.
See [34, Section 4] for a description of exactly which invariant metrics have positive sectional curvature.
Table 2.1 Isometry Groups of CSC Homogeneous Manifolds of Positive Curvature
And Fibrations over Symmetric Spaces
M = G/H I(M, ds2) G/H → G/K
1 Sn = SO(n+ 1)/SO(n) O(n+ 1)
2 Pm(C) = SU(m+ 1)/U(m) PSU(m+ 1) ⋊ Z2
3 P k(H) = Sp(k+ 1)/(Sp(k) × Sp(1)) Sp(k + 1)/Z2)
4 P 2(Ø) = F4/Spin(9) F4
5 S6 = G2/SU(3) O(7)
6 P 2m+1(C) = Sp(m+ 1)/(Sp(m) × U(1)) (Sp(m+ 1)/Z2)× Z2 P 2m+1(C)→ Pm(H)
. . . Table 2.1 continued on next page
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Table 2.1 continued from previous page . . .
M = G/H I(M, ds2) G/H → G/K
7 F 6 = SU(3)/T 2 (PSU(3) ⋊ Z2)× Z2 F 6 → P 2(C)
8 F 12 = Sp(3)/(Sp(1) × Sp(1)× Sp(1)) (Sp(3)/Z2)× Z2 F 12 → P 2(H)
9 F 24 = F4/Spin(8) F4 F 24 → P 2(Ø)
10 M7 = SO(5)/SO(3) SO(5)
11 M13 = SU(5)/(Sp(2) ×Z2 U(1) PSU(5) ⋊ Z2 M
13 → P 4(C)
12 N1,1 = (SU(3) × SO(3))/U∗(2) (PSU(3) ⋊ Z2)× SO(3)
13
Nk,ℓ = SU(3)/U(1)k,ℓ
(k, ℓ) 6= (1, 1), 3|(k2 + ℓ2 + kℓ)
(PSU(3) ⋊ Z2)× (U(1) ⋊ Z2) Nk,ℓ → P
2(C)
14
Nk,ℓ = SU(3)/U(1)k,ℓ
(k, ℓ) 6= (1, 1), 3 6 |(k2 + ℓ2 + kℓ)
U(3) ⋊ Z2 Nk,ℓ → P
2(C)
15 S2m+1 = SU(m+ 1)/SU(m) U(m + 1) ⋊ Z2 S2m+1 → Pm(C)
16 S4m+3 = Sp(m+ 1)/Sp(m) Sp(m+ 1) ⋊Z2 Sp(1) S
4m+3 → Pm(H)
17 S3 = SU(2) O(4) S3 → P 1(C) = S2
18 S7 = Spin(7)/G2 O(8)
19 S15 = Spin(9)/Spin(7) Spin(9) S15 → S8
Most of the embeddings H →֒ G in Table 2.1 are obvious, but a few might need explanation. For (9),
Spin(8) →֒ Spin(9) →֒ F4. For (10), SO(3) →֒ SO(5) is the irreducible representation of highest weight 4λ
where λ is the fundamental highest weight; the tangent space representation is the irreducible representation
of highest weight 6λ. For (11), Sp(2) →֒ SU(4) so Sp(2)×U(1) maps to U(5) with kernel {(I, 1), (−I,−1)}
and image in SU(5). The Z2 for the non–identity component of I(M,ds
2) here corresponds to complex
conjugation on SU(5). For (12), U∗(2) is the image of U(2) →֒ (SU(3)× SO(3)), given by h 7→ (α(h), β(h))
where α(h) =
(
h 0
0 1/ det(h)
)
and β is the projection U(2) → U(2)/(center) ∼= SO(3). For (13) and (14),
U(1) = H →֒ G = SU(3) is eiθ 7→ diag{eikθ, eiℓθ, e−i(k+ℓ)θ}. For (19), Spin(7) →֒ Spin(8) →֒ Spin(9).
Note that the first four spacesM = G/H of Table 2.1 are Riemannian symmetric spaces with G = I(M)0.
The fifth space is S6 = G2/SU(3), where the isotropy group SU(3) is irreducible on the tangent space, so
the only invariant metric is the one of constant positive curvature; thus it is isometric to a Riemannian
symmetric space. In view of [29],
Proposition 2.2. The Homogeneity Conjecture is valid for the entries (1) through (5) of Table 2.1.
3. Positive Curvature and Isotropy Splitting
Some of the entries of Table 2.1 are of positive Euler characteristic, i.e. have rankH = rankG. In
those cases every element of G = I(M,ds2)0 is conjugate to an element of H , hence has a fixed point on
M . Those are the table entries (6), (7), (8) and (9). Each is isotropy–split with fibration over a projective
(thus Riemannian symmetric) space, as defined in [32, (1.1)]. The Homogeneity Conjecture follows, for these
(M,ds2) where ds2 is the normal Riemannian metric [32, Corollary 5.7]:
Proposition 3.1. The Homogeneity Conjecture is valid for the entries (6) through (9) of Table 2.1, where
ds2 is the normal Riemannian metric on M .
The argument of Proposition 3.1 applies with only obvious changes to a number of other table entries,
using [32, Theorem 6.1] instead of [32, Corollary 5.7]. That gives us
Proposition 3.2. The Homogeneity Conjecture is valid for the entries (11), (13), (14), (15), (16), (17) and
(19) of Table 2.1, where ds2 is the normal Riemannian metric on M .
4. The Three Remaining Positive Curvature Cases
In positive curvature it remains only to verify the Homogeneity Conjecture for table entries M = G/H
given by (10) M7 = SO(5)/SO(3), (12) N1,1 = (SU(3) × SO(3))/U
∗(2), and (18) S7 = Spin(7)/G2 . For
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(10) and (18), H is irreducible on the tangent space of M . In particular for (18) ds2 must be the constant
positive curvature metric on S7, where the Homogeneity Conjecture is known:
Lemma 4.1. The Homogeneity Conjecture is valid for entry (18) of Table 2.1, where ds2 is the normal
Riemannian metric on M .
Now consider the case M7 = G/H = SO(5)/SO(3). There H acts irreducibly on the tangent space, so
the only invariant metric is a normal one. Let g = h + m where h ⊥ m and m represents the tangent space
at x0 = 1H ∈ G/H . If η ∈ m then t 7→ exp(tη) is a geodesic based at x0.
Suppose that we have an isometry γ of some constant displacement d > 0. As I(M,ds2) = SO(5) is
connected we have ξ ∈ m such that σ(t) = exp(tξ)x0 , 0 ≦ t ≦ 1, is a minimizing geodesic in M from x0
to γ(x0). Let X denote the Killing vector field on M corresponding to ξ. Note that ||Xx0 || = ||ξ|| = d.
Let g ∈ G and y = gx0 ∈ M . Then t 7→ gσ(t) = g exp(tξ)x0 is a minimizing geodesic in M from y to
gγ(x0) = Ad(g)(γ)(y). Since Ad(g)(γ) has the same constant displacement d as γ we have ||(g∗X)x0|| = d.
But ||(g∗X)x0 || = ||Xy||, in other words ||Xy|| = ||Xx0 ||. Thus X is a Killing vector field of constant length
on SO(5)/SO(3). There is no such nonzero vector field [33], so γ does not exist. We have proved
Lemma 4.2. There is no isometry 6= 1 of constant displacement on the manifold M7 with normal Riemann-
ian metric. In particular the Homogeneity Conjecture is valid for entry (10) of Table 2.1, where ds2 is the
normal Riemannian metric on M7.
Finally, consider the case (12) ofN1,1 = G/H = (SU(3)×SO(3))/U
∗(2) . Let γ be an isometry of constant
displacement d > 0 on N1,1 . Suppose that γ
2 also is an isometry of constant displacement. The argument of
Lemma 4.1 shows that γ cannot belong to the identity component G = SU(3)× SO(3) of I(N1,1). Further,
γ2 belongs to that identity component, so the argument of Lemma 4.1 shows that γ2 = 1.
Now γ = (g1, g2)ν where g1 ∈ SU(3), g2 ∈ SO(3), ν
2 = 1, Ad(ν) is complex conjugation on SU(3), and
Ad(ν) is the identity on SO(3). The centralizer of ν is K := ((SO(3)× SO(3)) ∪ (SO(3)× SO(3))ν. Let T1
(resp. T2) be a maximal torus of the first (resp. second) SO(3). Following de Siebenthal [24] we may assume
gi ∈ Ti where we replace γ be a conjugate. Compute γ
2 = (g1, g2)(g1, g2) = (g
2
1 , g
2
2). We have reduced our
considerations to the cases where g1 is either the identity matrix I3 or the matrix I
′
3 :=
(
−1 0 0
0 −1 0
0 0 +1
)
, and
also g2 is either I3 or I
′
3.
Recall that H = U∗(2) is the image of U(2) →֒ (SU(3) × SO(3)), given by h 7→ (α(h), β(h)) where
α(h) =
(
h 0
0 1/ det(h)
)
and β is the projection U(2)→ U(2)/(center) ∼= SO(3). Further, I(L1,1) = G∪Gν and
its isotropy subgroup is H ∪Hν. Observe that
if (g1, g2) = (I3 , I3) then γ = (α(I2), β(I2))ν ∈ Hν, and
if (g1, g2) = (I
′
3 , I3) then γ = (α(−I2), β(−I2))ν ∈ Hν.
We can replace I ′3 by its SO(3)–conjugate I
′′
3 =
(
−1 0 0
0 +1 0
0 0 −1
)
. Set I ′′2 =
(
−1 0
0 +1
)
. Note that
if (g1, g2) = (I
′′
3 , I
′′
3 ) then γ = (α(I
′′
2 ), β(I
′′
2 ))ν ∈ Hν.
When γ ∈ Hν it cannot be of nonzero constant displacement. We have reduced our considerations to the
case γ = (I3 , I
′
3)ν, or equivalently to one of its conjugates. Compute((
i 0 0
0 i 0
0 0 −1
)
, I3
)
·(I3 , I
′
3)ν ·
((
i 0 0
0 i 0
0 0 −1
)
, I3
)
−1
=
((
i 0 0
0 i 0
0 0 −1
)
, I3
)
·(I3 , I
′
3)·
((
i 0 0
0 i 0
0 0 −1
)
, I3
)
ν = (I ′3 , I
′
3)ν ∈ Hν,
so again γ cannot be of nonzero constant displacement. We have proved
Lemma 4.3. There is no isometry γ 6= 1 of constant displacement on the manifold N1,1 with normal
Riemannian metric, for which γ2 also is of constant displacement. In particular the Homogeneity Conjecture
is valid for entry (12) of Table 2.1 with normal Riemannian metric on N1,1 .
Combining Lemma 4.1, 4.2 and 4.3 we have
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Proposition 4.4. The Homogeneity Conjecture is valid for the entries (10), (12) and (18) of Table 2.1,
where ds2 is the normal Riemannian metric on M .
Finally, combine Propositions 2.2, 3.1, 3.2 and 4.4 to obtain our main result:
Theorem 4.5. Let (M,ds2) be a connected, simply connected normal homogeneous Riemannian manifold
of positive curvature type. Then the Homogeneity Conjecture is valid for (M,ds2).
5. Dropping Normality in Positive Curvature
In most cases one can eliminate the normality requirement of Theorem 4.5. Of course this is automatic
when the adjoint action of H on the tangent space g/h is irreducible; there every invariant Riemannian
metric on M = G/H is normal, so Theorem 4.5 applies. Those are the spaces given by the entries (1) (2),
(3), (4), (5), (10), (11), (12) and (18) of Table 2.1. Some other cases require an extension of certain results
from [32] concerning normal Riemannian homogeneous spaces.
In [32] I verified the Homogeneity Conjecture for a class of normal Riemannian homogeneous spaces
M = G/H that fiber over homogeneous spaces M ′ = G/K where H is a local direct factor of K. We are
going to weaken the normality conditions in such a way that the results still apply to some of the homogeneous
Riemannian manifolds of positive curvature type. In [32] the metrics on M and M ′ were required to be the
normal Riemannian metrics defined by the Killing form of G. Instead, we look at Riemannian surjections
π :M →M ′, with fiber F , as follows.
(5.1)
G is a compact connected simply connected Lie group,
H ⊂ K are closed connected subgroups of G such that
(i) M = G/H , M ′ = G/K, and F = H\K ,
(ii) π :M →M ′ is given by π(gH) = gK , right action of K on G/H ,
(iii) M ′ and F are Riemannian symmetric spaces, and
(iv) the tangent spaces m′ for M ′, m′′ for F and (m′ +m′′) for M satisfy m′ ⊥ m′′ .
We first modify [32, Lemma 5.2]:
Lemma 5.2. Assume (5.1). Then the fiber F of M → M ′ is totally geodesic in M In particular it is a
geodesic orbit space, and any geodesic of M tangent to F at some point is of the form t 7→ exp(tξ)x with
x ∈ F and ξ ∈ m′′ .
Proof. Restrict the adjoint representation of g to h . Then g = h + m′ + m′′ where h acts by its adjoint
representation (on itself), by the restriction of the isotropy representation of k on m′, and by its isotropy
representation on m′′. If ξ ∈ m′′(⊂ k) and η ∈ m′(⊂ g) then [ξ, η] ∈ m′, so 〈[ξ, η]m′+m′′ , ξ〉 = 0 because
〈ξ,m′〉 = 0. If ξ, η ∈ m′′ then ad (η) is antisymmetric so [ξ, η] ⊥ ξ , i.e. 〈[ξ, η]m′+m′′ , ξ〉 = 0. We have just
shown that if ξ ∈ m′′ then t 7→ exp(tξ)H is a geodesic in M based at 1H . Since it is a typical geodesic in
the symmetric space F = H\K we conclude that F is totally geodesic in M . 
Now we set up the conditions for applying (5.1) in the possible absence of normality.
Lemma 5.3. Suppose that (M,ds2) is one of the entries of Table 2.1 for which G = I(M,ds2)0, that (M,ds2)
satisfies (5.1), and that π : (M,ds2) → (M ′, ds′2) is a Riemannian submersion. Then the Homogeneity
Conjecture holds for (M,ds2).
Proof. Running over the last column of Table 2.1 we see something surprising: in each case rankG = rankK,
in other words χ(M ′) > 0. That noted, we use the starting point of the proof of [32, Proposition 5.4]. There
one takes γ ∈ G of constant displacement on M to be of the form (g, r(k)) with g ∈ G acting on the left
on M = G/H and r(k) given by the right action of the normalizer of H in G. The metric ds′2 is the usual
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one in each case because it is G–invariant. The argument of [32, Proposition 5.4] adapts to show that Γ∩G
is central in G. Further, [32, Lemma 5.5] goes through for the intersection of Γ with other components of
I(M,ds2). Thus, if Γ is a group of isometries of constant displacement on (M,ds2), then Γ centralizes G.
The Homogeneity Conjecture follows for (M,ds2). 
The argument of Lemma 5.3 does not apply directly to entry (6) of Table 2.1, so we give another argument
specific to that case. There rankH = rankG so every element of G has a fixed point on M . If Γ 6= {1} is
a subgroup of I(M,ds2) acting freely on M then Γ = {1, gν} where g ∈ G and ν is complex conjugation.
As (gν)2 = 1 we have g · tg
−1
= gg = ±I in terms of matrices. Then tg = cg for some c ∈ C and g = c2g
so c = ±1. If c = 1 then g = tg. In that case g is diagonalized by a real matrix and gν has a fixed point.
Thus c = −1 and we may assume g =
(
0 I
−I 0
)
. Thus gν centralizes G, and that proves the Homogeneity
Conjecture for case (6) of Table 2.1.
A small modification of the argument of Lemma 5.3 applies to entry (19), where G = I(M,ds2). We
simply note that the proof of [32, Theorem 6.1] proves the Homogeneity Conjecture for case (19) of Table
2.1.
Now we run over the entries of Table 2.1. As noted above, in cases (1), (2), (3), (4), (5), (10), (11), (12)
and (18) the group H is irreducible on the tangent space of M , so the metric is the normal Riemannian
metric, and the Homogeneity Conjecture follows from the normal metric case, Theorem 4.5. And we just
dealt with entries (6) and (19). Now we run through the other entries.
In table entries (7), (8) and (9), G = I(M,ds2)0, and in entries (13) and (14) we may assume G = U(3) =
I(M,ds2)0. For all of those m′ ⊥ m′′ because the representations of H on those spaces have no common
summand, and π : (M,ds2) → (M ′, ds′2) is a Riemannian submersion because (M ′, ds′2) is an irreducible
Riemannian symmetric space. Thus Lemma 5.3 applies to (7), (8), (9), (13) and (14).
Consider the table entries for which M is an odd sphere. Cases (1), (18) and (19) have already been dealt
with, leaving (15), (16) and (17). Combining all the results of this section we have
Theorem 5.4. Let (M,ds2) be a connected, simply connected homogeneous Riemannian manifold of strictly
positive curvature, where ds2 is not required to be the normal Riemannian metric. Suppose that (M,ds2) is
not one of the entries (15), (16) or (17) of Table 2.1. Then the Homogeneity Conjecture is valid for (M,ds2).
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